Abstract : Modeling and control of dynamics of three-dimensional object grasping by using a pair or triplet of multijoints robot fingers are investigated under rolling contact constraints and arbitrary shapes of the object and fingertips. It is assumed that a rolling contact between two rigid bodies with smooth surfaces is governed by the condition that the two surfaces coincide at the common contact point and share the same tangent plane. The contact constraint expressing the contact of the two surfaces at a single point in the 3-dimensional Euclidean space is reinterpreted by a set of three Pfaffian constraints, one of which is a velocity equivalence in the normal to the tangent plane at the contact point and the other two are velocity equivalence relations on the tangent plane. The Euler-Lagrange equation of motion of the overall fingers/object system is derived by introducing Lagrange multipliers corresponding to those Pfaffian constraints together with update laws of length parameters of loci of each contact point on the fingertips and object surfaces. It is shown that the Euler-Lagrange equation is parameterized by the length parameters through quantities of the first fundamental form of the surfaces, but the update laws of length parameters are governed by quantities of the second fundamental form. Furthermore, it is shown that the rolling constraints are directionally integrable. In accordance with this result, a control signal for maintaining contacts with the object is suggested from the standpoint of fingers-thumb opposability.
Introduction
This paper tackles a problem of modeling and control of three-dimensional grasping of a rigid object by a pair or triplet of robot fingers from computational perspectives, based on the assumption that a mathematically pure model of grasping must be developed under the existence of rolling contacts and the circumstances of arbitrariness of the geometry of fingertips and object surfaces. So far the kinematics and geometry of the contact between rigid bodies were solved by Montanna [1] and a complete set of velocity relations was given. Montanna also attempted to model dynamics of physical interaction between the fingertips and an object [2] . In his paper [2] , however, any explicit forms of Euler-Lagrange equations expressed in the object wrench space were not given and the analysis was limited to a 2-dimensional case through presenting a ball-plate model of grasping. A 3-dimensional grasping under rolling contact constraints and arbitrariness of the shapes of robot endeffectors and the object was first tackled by Cole et al. [3] and Sarkar et al. [4] . However, a complete set of Lagrange equations of motion of the overall system has not yet been presented in an explicit form, because it is implicitly assumed so far that the contact points can be directly controlled by the robot finger sides because both papers [3] , [4] eventually used direct compensation for nonlinear terms of robot dynamics. Further, they [3] , [4] assumed that there does not arise a spinning motion or it is pos-sible to avoid spinning and, therefore, they could not show how wrench vectors of the constraint forces can achieve a state of force/torque closure for the grasped object.
A wrench space expression of the Lagrange equation of motion for a 2-dimensional case of object grasping was given several years ago [5] under the situation that both fingertips are circular and objects to be grasped are rectangular. This research direction has been extended to a 3-dimensional grasp in the case that robot fingertips are spherical and objects to be grasped are a parallelpiped [6] , [7] . The most important feature of these works [5] - [7] is to have found a simple feedback signal computable from only finger kinematics and joint angle measurements or in addition, at most the measurement data of the object rotational angle and confirmed that such a control scheme establishes the state of force/torque balance for the object in a dynamic sense. Nevertheless, all the arguments in the papers [4] - [7] started from the assumption that two rigid bodies are in a condition of rolling contact in the sense that the relative velocity of the contact points is zero [8] .
Very recently in the previous papers [9] , [10] , a complete set of Euler-Lagrange equations of motion of 2-dimensional grasping was given in a wrench space form from a different but more explicit standpoint of definition of the rolling contact constraint. The rolling contact is now interpreted as a condition that the contact points coincide at a single point and share a common tangent at the contact point. This observation was first given in differential geometry as discussed in Nomizu's work [11] . The work [11] reflects in a two-dimensional case a mathematical theorem that, given two smooth planar curves with the same curvature along their arclengths respectively, the one curve can coincide with another by finding a homogeneous transformation (a combination of motions of translation and rotation). The recent works [9] , [10] discussed that such a mathematical observation can be extended more to the dynamics and control of physical interaction between 2-dimensional rigid bodies with an arbitrary geometry. The most important finding [9] , [10] is that the rolling constraints expressed in a Pfaffian form are integrable in the sense of Frobenius and therefore can be regarded as holonomic. This paper extends the problem of modeling of grasping under the arbitrary geometry of concerned rigid bodies to a 3-dimensional case of grasping. Similarly to the case of 2-dimensional grasping, the rolling contact can be expressed by a triplet of integral forms of Pfaffian constraints.
Conditions of Rolling Contact
It is well known in mathematics of "surfaces" that, at the point P 1 of contact between the two rigid bodies (see Fig. 1 ), the tangent plane at the contact point is usually represented by the vectors ∂S /∂u and ∂S /∂v if S (u, v) denotes a point on the object surface with respect to isothermal parameters u and v corresponding to local coordinates O m -XYZ. In Fig. 1 , the inertial frame is denoted by the coordinates O-xyz and the body coordinates are expressed by O m -XYZ with body-fixed unit vectors r X , r Y , and r Z . Then, the tangent plane must be coincident with the plane characterized by another two vectors ∂S 1 /∂u 1 and ∂S 1 /∂v 1 if a point on the fingerend surface is expressed by S 1 (u 1 , v 1 ) with another isothermal parameters u 1 and v 1 corresponding to local coordinates O 1 -X 1 Y 1 Z 1 . Further, when the contact point moves on each of the object and fingerend surfaces, or each corresponding tangent plane (see Fig. 2 ), the orbit of contact points on the tangent plane attached to the object rotates with some function of angle ψ 1 (s 1 ) along the evolution of arclength s 1 . In Fig. 2 , we denote by c 0 (s 1 ) the orbit of the contact point moving on the tangent plane attached to the object and by c 1 (s 1 ) that on the tangent plane attached to the fingerend. Since rotational motion around the normal to the tangent to the object is not constrained, the coordinates frame on the object tangent plane rotates by angle ψ 1 (s 1 ) relative to that on the fingerend tangent plane. Then, a contact condition between the two bodies are involved in five unknown parameters (u 1 , v 1 , ψ 1 , u 0 , v 0 ). In the case of three-dimensional object grasping by means of a pair of robot fingers, another five parameters (u 2 , v 2 , ψ 2 ,ū 0 ,v 0 ) are involved additionally in a condition of rolling contact at the right hand side. Fortunately, it is also well-known in geometry of curves and surfaces that, given two smooth curves in the 3-dimensional Euclidean space characterized by the common arclength parameters, the curves can coincide by finding an adequate homogeneous transformation if and only if the curves have the same curvatures and torsions along their arclength parameters. Again, Nomizu's work [11] showed a model of rolling an n-dimensional submanifold M on another n-dimensional submanifold N in a Euclidean space and obtained a kinematic interpretation of the second fundamental form and the normal connection of a submanifold. From this kinematic interpretation, the length of the locus of points of contact run on the one surface starting from a common contact point must be the same as that run on the other surface. Thus, in this paper we characterize each locus of points of contact between the two surfaces by a curve γ i (s) (3-dimensional vector as shown in Fig. 3 ) lying on each corresponding surface S i (i = 0, 1). If there does not arise any slipping, both loci can be traced by the common length parameter s. This paper derives a mathematical model of dynamics of grasping a three-dimensional rigid object with arbitrary smooth surfaces by a pair or a triplet of multi-joint robot fingers with the arbitrary fingerend geometry. Physical interaction of the rigid object with the rigid fingerends is assumed to be governed by rolling contact, that is interpreted by a set of the following conditions:
A-1) Given a curve γ 1 (s 1 ) as a locus of points of contact on S 1 and another curve γ 0 (s 0 ) as a locus of contact points on S 0 , the two curves coincide at contact point P 1 and share the same tangent plane at P 1 (see Fig. 3 ).
A-2) During any continuation of rolling contact, the two curves γ 0 (s 0 ) and γ 1 (s 1 ) can be described in terms of the same length parameter s in such a way that s 0 = s+c 0 and s 1 = s+c 1 , where c 0 and c 1 are constant.
In light of Nomizu's work [11] , the two curves on S 0 and S 1 can be parametrized by the same single parameter s without loss of generality. Hence, we denote the curves by γ 0 (s) and γ 1 (s) as shown in Fig. 3 .
Derivation of Update Laws of Length Parameters
First, we suppose that at some s of the length parameter the two curves γ 0 (s) and γ 1 (s) coincide at P 1 (s). Since γ 0 (s) is assumed to be described in local coordinates O m -XYZ, its expression in the frame coordinates is given bȳ
where Π 0 is a 3 × 3 rotational matrix composed of three unit orthogonal vectors r X , r Y , and r Z that are expressed in the frame coordinates O-xyz as shown in Fig. 1 , i.e.,
This is an element belonging to SO (3) . Similarly, the curve γ 1 (s) on the left-hand fingertip surface is expressed in terms of the frame coordinates as follows:
where Π 1 ∈ SO(3) and it is composed of the three orthogonal unit vectors r 1X , r 1Y , r 1Z with origin O 1 given in the local frame coordinates as shown in Fig. 1 . In the case of a spherical fingertip shown in Fig. 1 , Π 1 takes the form
In this paper throughout, we denote the differentiation of functions of length parameter s in s by ( ) as follows:
In what follows, for convenience of expressing a set of key unit normal and tangent vectors originating at contact point P 1 , we use the following symbols:
Instead, the differentiation of functions of time t in t is denoted by (˙) as follows:
If we assume that the instantaneous axis of angular velocity of the object through the mass center O m is denoted bȳ ω = (ω x , ω y , ω z ) T in the frame coordinates, then the angular velocity vector ω attached to the local coordinates O m -XYZ can be defined in such a way that
where
It is well known in the text books [12] - [14] thaṫ
It is easy to check that, in the case of a spherical fingertip shown in Fig. 1 , we havė
whereṗ 1 =q 11 +q 12 because both the rotational axes of joints J 1 and J 2 are in z-axis. Let us now denote the unit normal at contact point P 1 (corresponding to parameter s) on the object surface by n 0 (s) that must be orthogonal to b 0 (s). Samely, denote the unit normal at P 1 on the fingertip surface by n 1 (s). Then, the rolling contact condition A-2) implies
and, by the same assumption,
Then, differentiation of (12) in t yieldṡ
Note that the inner product of the left hand side of (14) and that of (13) must be equal to the inner product of the right hand side of (13) and that of (13), which results in
Since the inner product of b 0 (s) and n 0 (s) is equal to the quantity called the normal curvature (see the text book [15] and Appendix A), Π 
and the relations of (9) and (11) are referred to in the derivation of (16) from (15) . Note that the normal curvature κ n is expressed by the quantities of the second fundamental form of the surface as explained in Appendix A. Equation (16) shows the update law of length parameters during rolling motion between the two surfaces S 1 and S 0 .
Derivation of Euler-Lagrange Equations of Motion
In order to discuss the derivation of a set of equations that govern dynamics of physical interaction of grasping under rolling contacts, first note that the pure rolling contact condition A-1) mentioned in Introduction can be interpreted as the mathematical form:
where r 1 (q 1 ) denotes the position vector of O 01 (the center of the left hand fingerend) expressed in terms of the frame coordinates and q 1 = (q 11 , q 12 ) T , and r 0 (x) does the position vector of O m (the mass center of the object) also expressed in the frame coordinates and x = (x, y, z)
T (see Fig. 1 ). Differentiation of (18) in t yieldṡ
On account of (12), this equation is reduced to the following:
In what follows, we denote the unit vectors n i (s)
In order to rewrite (20) into each directional component of the normal to the tangent and the other two tangent vectors at the contact point, let us take the inner product of (20) andn 0 . This leads to the equation
denotes the 3 × 3 identity matrix) and Π 0 n 0 can be substituted by (−Π 1 n 1 ) as shown in (13), and Π
which is also expressed as
Similarly to the derivation of (23), the inner product of (20) andb 0 is reduced to
where (12) is referred to. Next, we define
and note that e i is orthogonal to n i and b i for i = 0, 1. Let e i = Π i e i for i = 0, 1 and take the inner product of (20) and e 0 (s). This results in
where we refer to the following
The three equalities (23), (24), and (26) constitute as a whole the rolling contact constraint intead of (20) . Furthermore, each of (23), (24), and (26) is of a Pfaffian form and hence can be associated with each corresponding Lagrange multiplier. We associate (23) with f 1 , (24) with λ 1 , and (26) with ξ 1 . All the arguments developed above in regard to the rolling contact constraints at P 1 , the left hand contact point (see Fig. 1 ), can be applied in the same way for rolling at P 2 of the right hand contact point. By virtue of this similarity, it is possible to conveniently introduce loci γ 02 (s 2 ) and γ 2 (s 2 ) of contact points on the right hand object surface and on the right hand fingerend surface with respect to the arclength parameter s 2 . It is also convenient to rewrite the three mutually orthogonal unit vectors b 0 , n 0 , and e 0 at P 1 by b 01 , n 01 , and e 01 and introduce similarly the three mutually orthogonal unit vectors b 02 , n 02 , and e 02 at P 2 . Thus, the three rolling contact constraints (23), (24), and (26) together with similar constraints at P 2 can be expressed in the following forms:
Now, let us introduce the kinetic energy of the system defined by
where G i (q i ) denotes the inertia matrix of finger i for i = 1, 2, M the mass of the object, and H the inertia matrix of the object around its mass center O m . For the time being, we ignore the effect of the gravity and any frictional forces affecting motion of the system. Then, considering the rolling constraints of (28), (29), and (30) with Lagrange multipliers f i , λ i , and ξ i for i = 1, 2 and the control inputs u i for i = 1, 2 through finger joints as external forces, we apply the variational principle for the Lagrangian L (= K). This results in the following system of Euler-Lagrange equations:
It is interesting to note that, in the case of a robot finger mechanism shown in Fig. 1 (see [6] ), we have
Both Eqs. (32) and (33) are parametrized by arclength parameters s 1 and s 2 . The Eequation of (34) for i = 1 is parametrized by s 1 and that for i = 2 is parametrized by s 2 . As shown in (16) , these two length parameters should be updated by the first order differential equations
where we rewrite the right hand side of (16) by referring to
Integrability of Rolling Contact Constraints
In order to show that each of Pfaffian forms (28), (29), and (30) is integrable in t (see [13] , [14] ), first define the following scalar function depending on q 1 , x, and s 1 together with Π 1 ∈ SO(3):
According to Fig. 4 , it is easy to see that it holds geometrically
Next, let us differentiate Q b1 in t. Then, we obtain d dt
where we use Eqs. (6), (14), and (17). Sinceb 0 =b 1 from (12), the above equation can be reduced to
In the same way, as for the scalar functions defined by
it is possible to conclude that
In other words, the rolling contact constraint can be regarded as a set of three algebraic constraints expressed by (45) and each of the three Pfaffian forms of (28), (29), and (30) is integrated in t as shown in (46). By virtue of the integrability of each Pfaffian form of rolling contact constraints, it is possible to redefine the Lagrangian as follows:
Then, the variational principle can be expressed as
from which the set of Euler-Lagrange equations of motion, i.e., Eqs. (32), (33), and (34), can be derived directly. 
Modeling of the Effect of Gravity and Viscous Forces
In the ordinary circumstance of existence of the gravity field, the potential functions of the object and both the robot fingers must be taken into account in the Lagrangian of the system. Then, the Lagrangian is recast into the form (49) where g denotes the gravity constant, y denotes the second component of position vector r 0 = (x, y, z)
T of the object mass center, and P i (q i ) the potential energy of finger i for i = 1, 2. Further, due to the viscosity originating from certain physical micro-structures of the fingertips and object materials, there arises a torque damping of the fingertip rotation around the axis of normal vector n 1 at contact point P 1 relative to rotation of the object around the axis of normal vector n 01 . To express this damping effect on the dynamics of the system, define
where c i (η) is a function of damping with respect to velocity component η. In this paper, we assume that damping is a linear function with viscosity constant c i for i = 1, 2. Then, the Rayleigh potential of damping expressed in (51) can be written in the form:
It should be noted that the relative angle ψ i (s i ) (see Fig. 2 ) between the two planar coordinate frames introduced on the object tangent plane and the fingertip tangent plane must be governed by the following equatioṅ
Now, by taking into account the dissipation potential of (51) and the control signals u 1 and u 2 as external torques through fingers' joints, application of the variational principle for the Lagrangian of (49) yields the following set of Euler-Lagrange equations:
) where e y = (0, 1, 0) T . It should be also noted that the sum of inner products ofẋ and (53), ω and (55), andq i and (56) for i = 1, 2 yields the energy relation i=1,2q
Computability of Dynamics and A Control Signal for Sustainability of Grasping
The dynamics of the overall fingers/object system are derived under an implicit assumption that both the contacts at P 1 and P 2 are maintained. This means that both the fingertips press the object from the left at P 1 and from the right at P 2 with each positive magnitude f i of the force normal to the object surface at P i for i = 1, 2. In order to maintain the positivity of both the contact forces f 1 and f 2 , it is possible to suggest a control signal such as
where β > 0 is a positive constant with physical unit [N/m]. In a simple case that both the fingertips are spheric and the object is a parallelpiped, it is shown that the control signal of (58) is effective for not only maintaining but also stabilizing motion of grasping provided that the object mass is small or can be compensated by using a gravity estimator [6] . However, in a general case treated above, it is still uncertain how effectively the control signal of (58) that is based upon the fingers-thumb opposability works in sustaining the state of grasp of an object. At this stage, it should be remarked that any method of constructing a numerical simulator for simulating the dynamics of object grasping under arbitrary geometry of the fingertips and object is not yet reported. There is a lot of important problems that remain unsolved from the computational standpoint for constructing such a simulator of rolling contact motion. The most important problem is to express a curved surface in a way of graphics database. The second problem is how to prepare before running the simulator a computationally reliable method for determining a tangent plane or equivalently a unit normal to the tangent at an instant when the two separate surfaces make contact at a single point. Once at some two contact points on an object both the two tangent planes are determined correctly at t = 0, then it is possible in principle to run the simulator if initial tangent vectors b i (s i (0)) at t = 0 are given appropriately. Nevertheless, it still remains a further difficult problem: the third problem, that is, how to compute normal curvatures κ n (s) along the tangent vector b(s) (= γ (s)) from the graphics data of the given surface. It should be remarked that the integrability of (28) to (30) is assured unless the length parameters s i (t) is standstill. This means that the integrability shown by (46) is conditioned in determinability of each direction of the contact point moving on each tangent plane. If such a standstill of s i (t) is only instantaneous, it is possible to continue to run the simulator. The integrability of (46) does not claim directly the one in the sense of Frobenius, differently from the case of 2-dimensional grasping.
In a case of ball-plate grasping, all the inverse kinematics and graphics problems mentioned above become tractable without incurring any difficulty even in three dimensional grasping. It has been shown in [16] that a possible extension of a type of control signals like Eq. (58) to a hand mechanism composed of a triplet of fingers with spheric soft tips is suggested with showing simulation results. Furthermore in the recent paper [17] , a 3-dimensional of grasping with soft fingertips is presented in a general formula by referring to the method given in [8] , that can be applied only to a ball-plate modeling, since any calculus of variation of the Lagrangian with constraints with respect to shape parameters characterizing the fingertip and object surfaces is not taken into account. In a few cases of 2-dimensional grasping under the arbitrary geometry of fingertips or objects, only partial results of numerical computation are presented [18] , [19] .
Conclusions
A set of Euler-Lagrange equations of motion of threedimensional object grasping under rolling contact constraints is derived in the situation that the geometry of the robot fingertip and object surfaces is arbitrary but smooth. The set of 2nd-order differential equations as Euler-Lagrange equations is parametrized by arclength parameters, but each of these length parameters is shown to be subject to a first-order differential equation in which normal curvatures of the contacted surfaces are involved.
Finally, it should be remarked that there are many important problems remain unsolved for actually constructing a computer simulator of motion of such a rolling contact or physical interaction between robots and the environment.
